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The aim of this paper is to establish two general finite integral formulas involving the 
generalized Bessel-Maitland functions )(,, zJ qv
 . The result given in terms of generalized 
(Wright’s) hypergeometric functions qp  and generalized hypergeometric functions qp F . 
These results are obtained with the help of finite integral due to Lavoie and Trottier.  Some 
interesting special cases involving Bessel-Maitland function, Struve’s functions, Bessel 
functions, generalized Bessel functions, Wright function, generalized Mittag-Leffler 
functions are deduced.  
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1. Introduction and Preliminaries 
 
In Applied sciences, many important functions are defined via improper integrals or series (or 
finite products). These important functions are generally known as special functions. In 
special functions, one of the most important functions (Bessel function) is widely used in 
physics and engineering; therefore, they are of interest to physicists and engineers as well as 
mathematicians.  In recent years, a remarkably large number of integral formulas involving a 
variety of special functions have been developed by many authors: Brychkov (2008), Choi  
and Agarwal (2013),  Choi et al. (2014), Agarwal et al. (2014),  Manaria et al. (2014),  Khan 
and Kashmin (2016), Parmar and Purohit  (2016), Suthar and Haile (2016) and Nisar et al. 




Appl. Appl. Math. 
ISSN: 1932-9466 
 
Vol. 12, Issue 2 (December  2017),  pp. 1002 - 1016 
Applications and Applied 
Mathematics: 
An International Journal 
(AAM) 
1
Suthar and Amsalu: Integrals associated with the generalized Bessel-Maitland
Published by Digital Commons @PVAMU, 2017
AAM: Intern. J., Vol. 12, Issue 2 (December 2017) 1003 
 
 
Maitland function, which are expressed in terms of the generalized (Wright’s) 
hypergeometric and generalized hypergeometric functions.  
 
For our purpose, we begin by recalling some known functions and earlier works. The Bessel-
Maitland function  zJ v




















  , where  z,0 ℂ.                                                    (1.1) 
 
The generalized Bessel function of the form  zJv







































       z  ℂ   ,,0];0,(\  ℂ.   
 
Further, generalization of the generalized Bessel-Maitland function  zJ qv
 ,
,  defined by Pathak 
(1966) is as follows: 
 
 




































 ,    
 
is known as generalized Pochhammer symbol defined by Mittag-Leffler (1903).  
 
From the generalization of the generalized Bessel-Maitland function (1.3), it is possible to 
find some special cases by giving particular values to the parameters  ,,v  and q . 
 
1) If 1,1  q  and v  is replaced by v  and z is replaced by 
4
2z
 in (1.3), then we obtain 
 

































,                                                                    (1.4) 
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,  denotes Bessel-Maitland function defined by Agarwal et al. (2014). 
 
2) If we replace   by 1  and   by 
2
1







































 ,                                                                           (1.5) 
 













































.                                                                               (1.6) 
 
3) If 0q , then (1.3) reduces to  
 
   zJzJ vv
 
,
0, ,                                                                                                            (1.7) 
 
where  zJv
  is generalized Bessel function defined by Agarwal (2015). 
 
4) If 0q , 1  and z  is replaced by 
4
2z



























 ,                                                                                                  (1.8) 
 
where  zJv  is called Bessel’s function of the first kind and of order v , where v is any non-
negative constant.  
 
5) If 0q  and v  is replaced by 1v  and z  is replaced by z , then (1.3) reduces to                                  
 




 ,                                                                                                    (1.9) 
 
where  zv;,  is known as Wright function, defined by Choi et al. (2014).  
 
6) If v  is replaced by 1v  and z  is replaced by z , then (1.3) reduces to 
 








 ,                                                                                                  (1.10) 
 




  is generalized Mittag -Leffler function, and was given by Shukla and Prajapati 
(2007). 
 
7) If 1q , v  is replaced by 1v  and z  is replaced by z , then (1.3) reduces to 
 






1,1  ,                                                                                                    (1.11) 
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was introduced by Prabhakar (1971). 
 
8) If 1,1  q , v  is replaced by 1v  and z  is replaced by z ,  (1.3) reduces to 
 




 ,                                                                                                    (1.12) 
 
where  ℂ, 0)(,0)(  v , and was studied by Wiman (1905). 
 
9) If 1,1  q , 0v  and z  is replaced by z  ,  (1.3) reduces to 
 




1,0 .                                                                                                       (1.13) 
 
where  ℂ, 0)(   , and was introduced by Mittag-Leffler (1903). 
 
Further, another representation of the generalized Bessel–Maitland function  zJ k qv
,
,  defined 

































 ,                                                                   (1.14) 
 


























The generalization of the generalized hypergeometric series qp F  is due to Fox (1928) and 
Wright (1935, 1940((a), (b))) who studied the asymptotic expansion of the generalized 
Wright hypergeometric function defined by (see, also (1985)). 
 
The generalized Wright hypergeometric function )(zqp  
(see, for detail, Srivastava and 
Karlsson (1985)), for z ℂ complex, ji ba , ℂ and ji  , ℝ, where ;0,( ji   















































                                                 (1.15)  
 
Introduced by Wright (1935), the generalized Wright function and proved several theorems 
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It is noted that the generalized (Wright) hypergeometric function qp  in (1.15) whose 
asymptotic expansion was investigated by Fox (1928) and Wright is an interesting further 
generalization of the generalized hypergeometric series  as follows: 
 
   
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For our present investigation, we also need to recall the following Lavoie-Trottier integral 











































xx                                          (1.19) 
 
provided .0)(,0)(    
 
2. Main Results 
 
In this section, we established two generalized integral formulas, which are expressed in 
terms of generalized (Wright) hypergeometric functions, by inserting the generalized Bessel-
Maitland function (1.3) with suitable argument in to the integrand of (1.19). 
 
Theorem 2.1.  
 
The following integral formula holds true for  ,,,, v ℂ with 
,0)Re(,0)Re(,1)Re(  v 0)Re(  and x > 0,  we have 
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Now applying (1.3) to the integrand of (2.1) and then interchanging the order of integration 
and summation, which is verified by uniform convergence of the involved series under the 
given conditions in Theorem 2.1, we get 
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By considering the condition given in Theorem 2.1, since ,1)Re( v 0)Re(   0)Re(  ,  
  1,0q ℕ and applying (1.19),     
               
   
 
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which upon using the definition (1.17), we get the desired result (2.1). 
 
Theorem 2.2.  
 
The following integral formula holds true: for  ,,,, v ℂ with 




















































                     
 
 
   
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By similar manner as in proof of Theorem 2.1, we can also prove the integral formula (2.2). 
 
Next, we consider other variations of Theorem 2.1 and Theorem 2.2. In fact, we establish 
some integral formulas for the generalized Bessel-Maitland function expressed in terms of the 
generalized hypergeometric function. To do this, we recall the well-known Legendre 























 ℕ0.                                                                               (2.3)  
 
Corollary 2.3.  
 
Assuming the condition of Theorem 2.1 is satisfied and replacing   by k  in the generalized 
Bessel-Maitland function  zJ qv
 ,
,  in (2.1) and using (1.14), it can be shown that the 
following integral formula holds true: 
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   
   










































































Corollary 2.4.  
 
Let the condition of Theorem 2.2 be satisfied and replacing   by k  in the generalized 
Bessel-Maitland function  zJ qv
 ,
,  in (2.2) and using (1.14). Then the following integral 
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   
   
   











































By writing the right hand side of (2.1) in the original summation formula, after a little 
simplification, we find that, when the last resulting summation is expressed in the term of 
hypergeometric in the relation (1.14), this completes the proof of Corollary 2.3. Similarly, it 
is easy to see that a similar argument as in proof of Corollary 2.3 will established the integral 
formula (2.4). Therefore, we omit the details of the proof of the Corollary 2.4.  
 
3. Special Cases  
 
In this section, we represent certain cases of generalized form of Bessel-Maitland function 
(1.3). 
 
On setting ,1   , 1q  and  z  is replaced by )4/( 2z , in Theorem 2.1 and Theorem 
2.2 and making use of the relation (1.4), then, the generalized Bessel-Maitland function will 





Suthar and Amsalu: Integrals associated with the generalized Bessel-Maitland
Published by Digital Commons @PVAMU, 2017
AAM: Intern. J., Vol. 12, Issue 2 (December 2017) 1009 
 
 
Corollary 3.1.  
 
Let the conditions of  ,,, ℂ, 0)(    and 0)(    be satisfied, then the 
following integral formula holds true: 
 














































   
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   









































                (3.1) 
 
Corollary 3.2.  
 
Let the conditions of   ,,,  ℂ, 0)(    and 0)(    be satisfied, then the 





















































   













































            (3.2) 
 
On setting ,1 2/1  in (3.1) and (3.2) and using the relation (1.5), then we get the 
integral formulas involving the Struve’s function )(zH  as follows: 
 
Corollary 3.3.  
 
Let the conditions of  ,, ℂ and 0)(    be satisfied, then the following integral 
formula holds true: 
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Corollary 3.4.  
 
Let the conditions of  ,, ℂ and 0)(    be satisfied, then the following integral 














































    
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         (3.4) 
 
On setting 0q in Theorem 2.1 and Theorem 2.2 and making use of the relation (1.7), then 
the generalized Bessel–Maitland function  zJ qv
 ,
,  will have the following relation with 
Bessel-Maitland function  zJv
  as follows: 
 
Corollary 3.5.  
 
Let the conditions of  ,,, ℂ, 0)(    and   0   be satisfied, then the following 
integral formula holds true: 
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                               (3.5) 
 
Corollary 3.6.  
 
Let the conditions of  ,,, ℂ, 0)(    and   0   be satisfied, then the following 















































   
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 
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Corollary 3.7.   
 
Let the conditions of  ,, ℂ, 0)(    and   0   be satisfied, then the following 
integral formula holds true: 
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Corollary 3.8.  
 
Let the conditions of  ,, ℂ, 0)(    and   0   be satisfied, then the following 
















































                  
   
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                           (3.8) 
 
On setting 1,0  q and  z  is replaced by )4/( 2z , in Theorem 2.1 and Theorem 2.2 and 
making use of the relation (1.8), we obtain the following integral formulas involving the 
ordinary Bessel function as follows: 
 
Corollary 3.9.  
 
Let the conditions of  ,,, v ℂ, 0)(    and   0   be satisfied, then the following 
integral formula holds true: 
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                     (3.9) 
 
Corollary  3.10.  
 
Let the conditions of  ,,, v ℂ, 0)(    and   0   be satisfied, then the following 
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 
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Remark   
 
In (3.9) and (3.10), by making some suitable adjustments of the parameters, we arrive at the 
known result given by Agarwal et al. ((2014), p. 3, equations (2.1) and (2.3)). 
 
On setting 0q  and v  is replaced by 1v  and z  is replaced by z , in Theorem 2.1 and 
Theorem 2.2 and making use of the relation (1.9), we obtain the following integral formulas 
involving the Weight function as follows: 
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Corollary 3.11.  
 
Let the conditions of  ,,,, v ℂ, 0)(    and   0   be satisfied, then the 
following integral formula holds true: 
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                                        (3.11) 
 
Corollary 3.12.  
 
Let the conditions of  ,,,, v ℂ, 0)(    and   0   be satisfied, then the 
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                                    (3.12) 
 
On setting  by 1 and  z  is replaced by z , in Theorem 2.1 and Theorem 2.2 and making 
use of the relation (1.10), we obtain the following integral formulas involving the generalized 
Mittag- Leffler function as follows: 
 
Corollary 3.13.  
 
Let the conditions of  ,,,, v ℂ, 0)(,0)(   , ,0)(   ,0)(     1)(   and 
 )1,0(q ℕ be satisfied, then the following integral formula holds true: 
 
















































                            
 
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   
































                                     (3.13) 
 
Corollary 3.14.  
 
Let the conditions of  ,,,, v ℂ, 0)(,0)(   , ,0)(   ,0)(     1)(    and 





















































Suthar and Amsalu: Integrals associated with the generalized Bessel-Maitland
Published by Digital Commons @PVAMU, 2017




                           
 
 
   







































In (3.13) and (3.14), by making some suitable adjustments of the parameters, we arrive at the 
known result given by Manaria et al.((2016), p. 5, eq.(2.3) and (2.4)). 
 
On setting ,1q   by 1 and  z  is replaced by z , in Theorem 2.1 and Theorem 2.2 and 
making use of the relation (1.11), we obtain the following integral formulas involving the 
generalized Mittag- Leffler function as follows: 
 
Corollary 3.15.  
 
Let the conditions of  ,,,, v ℂ, 0)(,0)(   , ,0)(   0)(    and  ,1)(   
be satisfied, then the following integral formula holds true: 
 
















































                                  
 
 
   
































                                 (3.15) 
 
Corollary 3.16.  
 
Let the conditions of  ,,,, v ℂ, 0)(,0)(   , ,0)(   0)(    and ,1)(   




















































                                
 
 
   

































                                (3.16) 
 
On setting ,1  by 1 and  z  is replaced by z , in Theorem 2.1 and Theorem 2.2 and 
making use of the relation (1.12), we obtain the following integral formulas involving the 
generalized Mittag- Leffler function as follows: 
 
Corollary  3.17.  
 
Let the conditions of v,,,  ℂ, 0)(,0)(    0)(    and ,1)(   be satisfied, 
then the following integral formula holds true: 
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                                  (3.17) 
         
Corollary  3.18.  
 
Let the conditions of v,,,  ℂ, 0)(,0)(    0)(    and ,1)(   be satisfied, 
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   































                            (3.18) 
 
On setting ,1 0 , 1q and  z  is replaced by z , in Theorem 2.1 and Theorem 2.2 and 
making use of the relation (1.13), we obtain the following integral formulas involving the 
Mittag- Leffler function as follows: 
 
Corollary 3.19.  
 
Let the conditions of v,,,  ℂ, 0)(,0)(    and ,0)(    be satisfied, then the 
following integral formula holds true: 
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   




























                                (3.19) 
 
Corollary 3.20.  
 
Let the conditions of v,,,  ℂ, 0)(,0)(    and ,0)(    be satisfied, then the 
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   































                                (3.20) 
 
4. Concluding remarks  
 
In the present paper, we investigate new integrals involving the generalized Bessel-Maitland 
function )(,, zJ qv
 , in terms of generalized (Wright) hypergeometric functions and generalized 
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hypergeometric function kq F . Certain special cases of integrals involving generalized Bessel 
Maitland function have been investigated by the authors in the literature with different 
arguments. Therefore the results presented in this paper are easily converted in terms of a 
similar type of new interesting integrals with different arguments after some suitable 
parametric replacements. In this sequel, one can obtain integral representation of more 
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